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Drag Coef� cient Reduction in the Presence
of Pressure Gradients by Heat Transfer

C. Feiler¤

85614 Munich/Kirchseeon, Germany

Heat transfer is known to affect the surface shear stress of boundary layers. An attempt is being made to
investigate the behavior of coupled compressible boundary layers of air in the presence of pressure gradients
around airfoil shapes with the aid of numerical simulation and to minimize the drag coef� cient by an optimized
distribution of surface heating and cooling. The obtained results indicate that a distinct reduction of the drag
coef� cient can be achieved by moderate values of surface heat � uxes. Some consideration of the freestream velocity
dependence and the effect of heat transfer on the transition location is included, as well as the effect of different
airfoil geometries. Two illustrative examples are presented.

Nomenclature
A = area, m2

C = Chapman–Rubesin viscosity parameter
C p = pressure coef� cient
c = chord length, m
cd = drag coef� cient
c f = skin-friction coef� cient
cht = empirical thermal drag reduction factor
Frc = Frossling number based on chord
i = imaginary part
M = Mach number
m = pressure gradient parameter
Pr = Prandtl number
p = pressure, Pa, bar
qw = wall heat rate, W
qw;abs = positive signed wall heat rate, W
q 00

w = wall heat � ux, W/m2

Re = Reynolds number based on subscript
St = Stanton number
Stt = unheated starting length Stanton number
T = temperature,K
ue = external velocity, m/s
u0 = initial velocity, m/s
Wd = drag work, W
xs; s = surface distance, m
xtr = location, where transition starts

(indifference location), m
® = ampli� cation factor, ¡
®i = angle of incidence, deg
± = boundary-layer thickness,m
´ = similar boundary-layer y-distance
´th = thermal ef� ciency, %
2 = momentum thickness,m
¹ = viscosity, kg/m ¢ s
Q¹ = viscosity to freestream viscosity ratio
½ = density, kg/m3

¿w = surface shear stress, N/m2

Á = disturbance amplitude, m
! = dimensionless disturbance frequency
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I. Introduction

T HE behavior of coupled boundary layers with varying pres-
sure gradients in the presence of nonzero heat transfer has

been widely investigated. An investigation of the behavior of air-
foil boundary layers in the presence of heat transfer and pressure
gradientshas been presented by Morduchow and Grape.1 This con-
tribution is based on integral methods and also covers boundary-
layer stability.A theoretical investigationof the generationof thrust
by heating in subsonic and supersonic ideal � ows has been pre-
sented by Oswatitsch.2 This study shows how heat sources placed
in the freestreamaffect the ideal � ow pressure distribution,and it is
found, that for M < 1, placingheat sourcesin the retardationregions
of airfoil-like geometries generates thrust. Subsequently, Feltgen3

has conducted experiments by externally burning hydrogen gas in
the retardation regions at the tip and at the trailing edge. These in-
vestigations do not account for boundary-layer effects. Numerical
calculation methods and a thorough treatment of coupled bound-
ary layer � ows have been presented, for example, by Cebeci and
Bradshaw.4 Numerous comparisons with experimental data have
been included.

II. Boundary Layers in the Presence of Pressure
Gradients and Heat Transfer

The local skin-frictioncoef� cient c f and the wall shear stress ¿w

are de� ned as

c f D
¿w

0:5½eu2
e

; ¿w D ¹
du

dy

­­­­
y D 0

(1)

For air,with the metric system, the temperaturevariationof viscosity
¹ can be described by Sutherland’s formula for T ¼ 288 K as

¹ D 1:45 £ 10¡6
£
T

3
2

¯
.T C 110/

¤
» T 0:76 (2)

The density ½1 is given by

½ D p=.287 ¢ T / » 1=T (3)

Figure 1 shows a � uid element located next to a � at wall.
In two-dimensional� ows, variationsin z directionare ruledoutby

de� nition.Changes in densityand,thus,volumemay, therefore,only
extend in the x and y direction. Furthermore, if pressure gradients
are absent, ue is constant along x . If density changes were to extend
in the x direction also, they would induce changes in ue, which
cannot be counterbalancedby absent pressuregradients.Therefore,
density changes induced by wall temperature variations are seen in
the y direction only, if pressure gradients are absent.

Thus, for laminar � ow, the term du/dy varies with ½¡1, result-
ing in ¿w » T 0:76 £ T ¡1 » T ¡0:24, which means that, for a � at plate
in air without pressure gradients, the surface shear stress (and the
Nusselt number) is reduced by increasing the surface temperature.
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Table 1 Qualitative change of the local skin-friction
coef� cient cf for Pr = 0:72, M < 1

Pressure gradient

Wall heat transfer Favorable Zero Adverse

Heating C —— ¡
Adiabatic C 0 ——
Cooling ¡ C CC

Fig. 1 Finite boundary-layer � uid volume element located adjacent to
a surface.

The situation changes, when pressure gradients exist, because they
can counterbalancechanges in ue induced by density changes.

Hence, it can be deduced that heat transfer effects on the skin-
friction coef� cient can be divided in the effect of varying viscosity,
which is independent of other in� uences, and in the effect of den-
sity changes, which is enhanced by adverse pressure gradients and
diminished by favorable pressure gradients.

Therefore, the effect of varying density leads to an increase of
surface shear stress and Nusselt number in favorable pressure gra-
dients when the surface is heated and leads to a reduction in skin
frictionbyheating the surface in adversepressuregradients.Cooling
of the surface leads to a reversal of this effect. The effect of varying
viscosity adds to these effects independent of pressure gradients.

The skin-friction coef� cient for laminar subsonic � ow is, there-
fore, expected to vary according to Table 1, where a C denotes a
weak increase and a CC a strong increase of the local skin-friction
coef� cient compared to the adiabatic, zero pressure gradient case
and vice versa. These � ndings agree well with those presented by
Morduchowand Grape,1 as well as with Fig. 10.1 (p. 309) of Cebeci
and Bradshaw,4 among others. For turbulent � ows, it is agreed that
the speci� ed � ndings are also qualitativelyvalid.

These results suggest the use of heat transfer to decrease the drag
coef� cient cd by choosing the appropriateheat transfer rates accord-
ing to the pressure gradient, wherever the expense of a positive or
negative heat � ux is affordable.

As of immediate interest, the boundary layer around a symmetric
NACA 0012airfoil has been calculated,which incorporatesa favor-
able, a negligible zero and a large slightly adverse pressuregradient
region.

III. Calculation Procedure
The drag coef� cient cd is often calculated,and measurementsare

beingmade implyingthemomentumthickness2 at the trailingedge.
This procedure works well for adiabatic � ows, but it should not be
used here, becauseheat transfer, especiallywhen nonuniform, leads
to density changes and, therefore, changes of the local skin-friction
coef� cient c f along the chord length, which cannot be detected
from the trailing-edgeposition.Therefore,an integrationof the local
skin-friction coef� cient c f should be applied as will be shown to
determine the drag coef� cient cd .

The momentum thickness or momentum de� cit thickness 2 for
coupled boundary layers is given by

2 D
Z 1

0

½u

½eue

³
ue ¡ u

ue

´
dy (4)

The drag coef� cient cd on a � at plate with surface length l per unit
depth is

cd D 1
l

Z l

0

c f .x/ dx (5)

Throughout this contribution, the wall heat � ux q 00
w is regarded as

consistingof a constant value, jq 00
W j, and a sign. A plus sign denotes

constant heat � ux from the wall into the boundary layer (wall heat-
ing), and a minus sign denotes constantheat � ux from the boundary
layer into the wall (wall cooling). A plus or minus sign denotes a
varying wall heat � ux sign along the chord length, resulting in wall
heat � ux step changes of magnitude 2 ¢ jq 00

w j:

q 00
w D sgn ¢ jq 00

w j (6)

The boundary-layer calculations were carried out applying the nu-
merical method presented by Cebeci and Bradshaw4 with some mi-
norchangestogetherwith an inputcalculatinganddatahandlingtool
supplied by the author. The numerical method solves a � nite dif-
ference representation of the Illingworth–Stewartson transformed
boundary-layer variables for laminar and turbulent external � ows,
applying the Cebeci–Smith turbulence model.

The external velocity distribution was calculated following the
method of Hess as presented by Fletcher,5 with some minor mod-
i� cations implying the von Kármán–Tsien compressibility correc-
tion.An iterationloop to accountfor the boundary-layergrowth was
formed calculating the velocity distribution for the displaced � ow.
This implementationwas compared to other implementationsof the
Hess–Smith method, and it was found that nearly identical velocity
distributionswere obtained.

IV. Numerical Accuracy
Amick6 has conducted measurements of the pressure coef� cient

of a NACA 0012 airfoil. The comparison of these measurements
with the calculation method used here are shown in Fig. 2. The
agreement of these values is about 1.5%, which is well below the
measurement uncertainty. The dimensionless pressure gradient pa-
rameter m is included for later reference. It is de� ned as

m D
x

ue

due

dx
(7)

The boundary-layer calculation method presented by Cebeci and
Bradshaw4 is complemented by many comparisons to measure-
ments. An additional example is shown in Fig. 3. For this purpose,
the local Stanton number, de� ned as

St .x/ D
q 00

w.x/

½ ¢ cp ¢ [Tw.x/ ¡ Te] ¢ ue

(8)

is calculated. The ratio of the thus obtained Stanton number to the
Stanton number for a constantwall temperature indicates the ability

Fig. 2 Current calculations compared to measurements for a NACA
0012 airfoil: measurement data due to Amick6; pressure gradient pa-
rameter m and M = 0:4.
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Fig. 3 Unheated starting length Stanton number St normalized by
uniformally heated Stanton number Stt for a � at plate; fully turbulent;
measurementdatadue to Tayloret al.7: l = 2:39 m, M = 0:19,T0 ¼ 305K,
and Th ¼ 318 K. Data used with permission from the American Society
of Mechanical Engineers.

Fig. 4 Leading-edge distribution of Frossling number Frc for a NACA
0012 airfoil; measurement data due to Poinsatte et al.8: c = 0:533 m,
Rec = 1:19 £ £ 106 , T0 ¼ 265:9 K, and Th ¼ 307 K.

of the calculation method to resolve step changes in the wall tem-
perature.The Reynoldsanalogyallows to relate the Stantonnumber
to the skin-friction coef� cient.

The � at plate is placed in a uniform stream at M D 0:191 with a
fully turbulentboundarylayer.The initial temperatureis T0 ¼ 305K,
and the heated region is kept at Th ¼ 318 K. The measurement data
are due to Taylor et al.7 Further details and references to the inte-
gral solution of this problem are also given in Ref. 7. The calcu-
lated values show good agreement over a wide range of x values.
Only for the higher Reynolds number Rex values with the longest
unheated starting length, there exists an overprediction by the cal-
culation method. The averagecalculationuncertaintiesfor the three
cases from left to right are 0.31, 1.04, and 2.73%, respectively.The
maximum uncertainty is 5.9% for the rightmost case. The average
estimated uncertainties given for the measurement data are always
more than 2.4%, typically 2.6%.

Measurements of the Frossling number on the leading edge of
a NACA 0012 airfoil were conducted by Poinsatte.8 The Frossling
number Frc , not to be confused with the Froude number Fr, based
on chord is de� ned as

Frc D
Nuc

Re0:5
c

D
hcc=k

.½V c=º/0:5
(9)

The measurements and the calculated values are shown in Fig. 4,
with s=c being the surface distance from the leading edge and neg-
ative values denoting the pressure side. The calculatedvalues show
a good agreement up to s=c D 0:06. Poinsatte comments on this un-

steadinessas propablybeing caused by a local surface deformation.
Otherwise, again a good agreement of the measured and calculated
valuescan beobserved,with a overpredictionof 8.1% neglectingthe
unsteadiness.The qualitativebehavior,however, is being accurately
modeled by the calculation method.

In conclusion, the accuracy of the numerical method is always
better than 8.1%, which can be viewed as good enough to enable
qualitatively correct results for the current problem. Some discrep-
anciesespeciallywith Fig.4 are likelytobedue to themeasurements.

However, even more important than the accuracy of a single cal-
culation is the numerical accuracy among several calculatedvalues,
or relative numerical uncertainty, which determines the validity of
derived quantities. It does not relate to the uncertainty compared
to the measurements and has to be added to this to obtain overall
uncertainties. A high relative numerical uncertainty of subsequent
calculations is achievable, when the same calculation grid is used.
An estimate for relative numerical uncertainties is given in Sec. VI.

V. Turbulence and Transition
The turbulent-�ow calculation is started by activating the eddy-

viscosity formulasof the algebraicCebeci–Smith turbulencemodel.
The details of this model are presented by Cebeci and Bradshaw4

(see p. 187 and following pages). The accuracy has been found to
be suf� cient for most engineering problems.

To determine the transition location, the en method as given by
Cebeci and Cousteix (Ref. 9, p. 196 ff.) has been applied.To include
heat transfer effects, the method has been extended by the author
followingthe outlinegiven in Ref. 9, p. 212 and followingpagesand
consists of the solution of the modi� ed Orr–Sommerfeld equation
for incompressible� ows with heat transfer(seealsoWazzanetal.10 ):

[.®u ¡ !/.Á00 ¡ ®2Á/ ¡ ®u 00Á]i R D Q¹.Áiv ¡ 2®2Á 00 C ®4Á/

C 2 Q¹0.Á 000 ¡ ®2Á 0/ C Q¹00.Á00 C ®2Á/ (10)

As discussed by Cebeci and Cousteix (see Ref. 9, p. 188), with the
variable � ow properties in the preceding equation being supplied
by the compressibleboundary-layersolution, the method gives also
valid results for the air� ows considered here.

For the adiabaticcase with an n factorof 8.1, good agreementwas
found among the thus calculatedtransition locationand the location
calculated with the empirical formula of Michel11 (see also Cebeci
and Bradshaw,4 pp. 189–191). In the presence of both heat transfer
and pressure gradients, it has been found, for example by Rued and
Wittig,12 that the latter largely dominate the transition to turbulence.
Accordingly, the heat � ux rates in this contribution were found to
have negligible effect on the transition location calculated with the
modi� ed en method. This � nding is not expected to hold for higher
heat � ux rates or lower Reynolds numbers, but proved reliable for
the values considered here. The calculated disturbance frequencies
were found to be slightly increased by positive heat � ux rates.

Lee13 presented mesurements and calculationsof the laminariza-
tion of airfoil boundary layers by heat transfer, where cooling was
applied to delay the transition to turbulence. It is reported that, for
an aft-loaded FDLA airfoil at a negative angle of incidence, a drag
reductioncould thus be obtained,but for a NACA 65A413, the drag
reductionwas much less pronounced.The drag reductionwas found
to depend on the length of the favorable pressure gradient region,
which was extremely long for the � rst pro� le and less pronounced
for the second one.

VI. Calculations
The calculationswere carriedoutas outlined.Iterationsto account

for the displacement thickness as well as subiterations to achieve
an accurate surface temperature were performed. The turbulence
transition location was calculated with the modi� ed en method.
Freestreamvaluesof T0 D 288 K and p0 D 101,325Pa in turbulence-
free air .Pr D 0:72/ for airfoils with a chord length of c D 1 m were
used except where speci� ed. A heat transfer rate with zero, positive,
and negative wall heat � uxes of q 00

w D § 1000 W/m2 was chosen to
also avoidoscillationsof the solution,typicalfor numericalmethods
involving (temperature) step changes.

Figure 5 shows results of these calculationsfor Rec D 7:02 £ 106,
where the skin-frictionfactor c f for uniform surface heat � ux rates,
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Fig. 5 Relative change of cf by wall heat transfer compared to the
adiabatic wall case: NACA 0012, Rec = 7:024 £ £ 106, and ®i = 0.

hereconstantalong thechordlength,denotedby §1E3, is compared
to the adiabatic wall case, denoted by 0 (horizontal line).

The localskin-frictioncoef� cientpercentageratioc f;qw=c f;aw (%)
shows a change in sign for both heating and cooling at x=c ¼ 0:1.
This is the location where the dimensionless pressure gradient pa-
rameter m (see Fig. 2) changes sign from favorable .m > 0/ to
adverse .m < 0/. The values for positive and negative wall heat
� ux are nearly exactly opposite to each other, and both show a peak
near the turbulence transition location at x=c ¼ 0:28, which further
illustratesthe linearityand reliabilityof the calculationmethod.The
peak near the trailing edge is followed by a sharp decrease. In both
cases,separationis indicatedat x=c ¼ 0:991,and theboundary-layer
calculation is stopped.

The relative numerical uncertainty relevant for the determination
of the drag coef� cient reduction has been found to be 0.02% for
this case. The overall uncertainty is, therefore, less than 8.2% as
determined in Sec. IV.

VII. Drag Coef� cient Optimization
Figure 5 con� rms the � ndings in Table 1 that heating the entire

airfoil reduces the drag coef� cient, and cooling the airfoil increases
it, as compared to the adiabatic case, which is well known.

However, it seems to be even more promising to change the tem-
perature gradient sign according to the change of pressure gradient,
resulting in a cooled tip region and a heated main part and trailing
edge. However, the cooled � uid entering the heated region delays
the temperature increase at this location and, hence, the reduction
in skin friction. The location of the cooling to heating transition,
therefore, needs to be optimized.

To � nd the optimum heat transfer transition locations, a series of
computations with various locations were performed. It was found
that the optimum heat transfer transition locationsare coupled to the
slope of the coef� cient of pressure C p and, hence, to the external
� ow velocity ue=u0 as follows.

Wall cooling:

C p > 0 ´ ue=u0 < 1 ) q 00
w < 0

Wall heating:

C p < 0 ´ ue=u0 > 1 ) q 00
w > 0

Applyingthis simple rule, thevelocitydistributionwith heat transfer
(curved dotted lines) along the similar boundary layer distance ´ (y
direction) compared to the adiabatic wall case (straight lines) is
shown in Fig. 6. For better visibility, the x location of the velocity
pro� les in Fig. 6 is scaled using an arbitrary scaling factor of N D 5:

x D x=c C [.uqw=uaw/ ¢ N ] ¡ N

The thermal ef� ciency ´th (not to be confused with the similar
boundary-layerdistance ´) is calculated according to

Fig. 6 Heat transfer induced changesof the velocity distributionacross
the boundary layer compared to the adiabatic velocities: NACA 0012,
®i = 0, q 0 0

w = §§ 1000 W/m2, and Rec = 7:024 £ £ 106 .

Fig. 7 Drag reduction by heat transfer; thermal ef� ciency ´th with
chord Reynolds number Rec : NACA 0012; q 0 0

w = §§ 500, 1000, and 2000
W/m2; and ®i = 0.

´th D
WD;aw ¡ WD;qw

qw;abs

(11)

The wall heat rate qw;abs (watt) per unit depth is formed from the
wall heat � ux q 00

w
(watt per square meter) as follows, with xs being

the surface distance:

qw;abs D
Z xs

0

jq 00
w j dx (12)

The drag work Wd is

Wd D 0:5½0u3
0 A ¢ cd D 0:5

£
¹3

0

¯¡
c3½2

0

¢¤
¢ Re3

c ¢ A ¢ cd (13)

VIII. Discussion of the Results
Figure 7 shows the resulting optimum attainable reduction of

the drag coef� cient with chord Reynolds number Rec correspond-
ing to freestream Mach numbers ranging from 0.07 to 0.8 for
q 00

w D § 500; 1000, and 2000 W/m2 , denoted by cd;qw together with
the corresponding thermal ef� ciency ´th .

The maximum relative numerical uncertainty is 34.8%; the aver-
age uncertainty is 7.5% in this case. In the observed velocity range,
the turbulence transition locations move swiftly upstream with in-
creasing velocity. Because of the � nite grid spacing, the movement
is stepwise, occurringat Rec D 6:8 and 13:77 £ 106, which explains
the deviating values there. If these values were omitted, the maxi-
mum uncertainty is 19%, and its average is 3.6%.

The courseof thedragcoef� cient reductionexhibitsa dependence
on q 00

w , which the course of ´th togetherwith Fig. 5 suggest as being
linear.The courseof ´th , thus, is independentofq 00

w andonly depends
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on the chord Reynoldsnumber Rec for the given conditions(NACA
0012, c D 1 m, ®i D 0, and M < 1) as follows:

´th ¼ Re2
c ¢ cht where cht D 9:1 £ 10¡17. ¢ 100 for ´th; %/

(14)

The factor cht is an empirical curve � t parameter and is introduced
for convenience. Relating ´th to the Reynolds number is preferred
over the Mach number because the former relates inertia to viscous
effects,which appears to be more adequate for the current problem.
The average uncertainty of cht , determined from the values given
earlier for the relativenumericaluncertaintywhen the two deviating
values are omitted, together with the measurement uncertainties
from Sec. IV, is 11:7%.

The value of cht surely is problem dependent. A regular depen-
dency could be assumed; for example,

cht D f

³
dp

dx
I ®i I

dq 00
w

dx
I Pr I C : : :

´
(15)

with C denoting the Chapman–Rubesin viscosity law de� ned as
C D ½w¹w=½e¹e . However, further investigations are necessary to
identify the in� uences of these terms. For the drag reduction, it
follows from Eqs. (11) and (14) that

cd;aw ¡ cd ;qw D cht ¢
qw;abs ¢ c

0:5A ¢ Rec ¢ ¹0

(16)

or, normalized by the drag coef� cient for the adiabatic wall case
cd;aw ,

cd;qw

cd;aw
D 1 ¡

cht

cd;aw
¢

qw;abs ¢ c

0:5A ¢ Rec ¢ ¹0

(17)

which is also shown in Fig. 7. For constantq 00
w D qw;abs=A, of course,

this cancels against A. The generally low value of ´th determines
that the prescribed method is suitable for drag reduction wherever
heat or coldness is freely or cheaply available.

IX. Comparison with Previous Investigations
The already mentioned theoretical ideal � ow investigation by

Oswatitsch2 and the measurements of Feltgen3 (see Sec. I) lead to
the � ndings that heating the freestream by externally burning (hy-
drogen) gas at the leading and the trailing edges of an airfoil gener-
ates thrust. Thus, the (subsonic) heat transfer locationsare identical
with those foundherein;however, the heat � ux sign is opposite.This
disagreement with the presented results needs to be clari� ed. The
signi� cantdifferenceis the ideal � ow assumption(externalheating),
affecting the pressure distribution,compared to the boundary-layer
approach (wall heating) affecting the wall shear stress.

Note that, observedfrom a position inside the boundary layer, the
freestream is on one side .´ ! 1/ and the wall is on the opposite
side .´ ! 0/. Therefore, it is clear that, in terms of the boundary-
layer heat � ux, heating the freestream � ow, that is, ´ ! 1, at a
certain x=c location corresponds to cooling the wall, that is, ´ ! 0,
at the same x=c location.

Mathematically, both cases correspond to an interchange of
boundary conditions, which will result in an interchange of the
behavior of the layer, now illustrating the agreement between
Oswatitsch,2 Feltgen,3 and the boundary-layer behavior described
here.

X. Examples
Fromtheprecedingresults,two degeneratecasesof theprescribed

method, which appear more convenient for practical purposes, can
be deduced. The � rst case consists of cooling the tip of the airfoil
up to the � rst heat transfer transition location, adiabatic wall heat
� ux up to the second location, and cooling again downstream up to
the trailing edge.The secondcase converselyconsistsof heating the
wall in between the two transition locationsand keeping the leading
and the trailing edge adiabatic.

As a � rst example, a NACA 2412 airfoil with chord length
c D 0:1 m is examined, which can be interpreted as a simpli� ed
representationof the situation found at a gas turbine blade. The ex-
ternal temperature is T0 D 1523 K, the chord Reynolds number is
1:38 £ 106, and the pressure is p0 D 10 bar.

Fig. 8 Reduction of the local skin-friction coef� cient cf ; improved
cooling at the leading edge vs uniform cooling: NACA 2412, ®i = 0,
T0 = 1523 K, p0 = 10 bar, Rec = 1:38 £ £ 106, and Ts = 1123 K.

Fig. 9 Reduction of the local skin-friction coef� cient cf for a NACA
663 –212airfoil at zero angle of attack with solar irradiationand varying
absorption coef� cient.

The surface temperatureis initiallykeptuniformlyat Ts D 1123K
because cooling is vitally important to decrease the thermal strain
of the material. However, it was found that this isothermal cooling
already carries a penalty in terms of a drag coef� cient increase of
6.2% compared to the adiabatic case.

To achieve a reduction of this drag coef� cient penalty, the blade
cooling is now improved by any means from the leading edge to
the � rst heat transfer transition location, occurring at x=c ¼ 0:037,
from where it remains unchanged until the trailing edge. Improved
coolingis implementedby specifyinga constantsurfacetemperature
of Ts D 1023 K, while the remainder of the surface is again kept at
Ts D 1123 K.

Figure 8 shows the percentage of reduction of the skin-friction
coef� cient c f by improved cooling of the leading edge, compared
to the constant surface temperature case as speci� ed earlier, along
the chord length. The reduction of the drag coef� cient cd integrates
to give 0.52%. The relative accuracy is again 0.02%. In this case, no
signi� cant effect of a second transition location, which was found
to occur at x=c ¼ 0:975, that is, near the trailing edge, could be
determined, which may be due to the speci� c calculation setup as
already mentioned and not necessarily to the physics of this case.

Further improvements in drag coef� cient reductioncan of course
be achieved by further decreasing the surface temperature near the
leading and, with less effect, near the trailing edge, or by increasing
Ts at the rest of the geometry.

As another example, the effect of heating the upper surface of a
NACA 663 –212 airfoil by solar irradiationin conjunctionwith vary-
ing the absorptioncoef� cient (absorptivity), along the chord length
from 0 (white) to 1 (black) is examined. Figure 9 shows the airfoil
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geometry, where the chord length is c D 1 m, together with the lo-
cal skin-frictioncoef� cient reduction achieved for Rec D 6:8 £ 106.
This airfoil type has a prolonged laminar section, thus already de-
signed for low skin-friction drag. However, it does not possess an
extremely long favorable pressure gradient section as an aft-loaded
FDLA airfoil.

The optimum heat transfer transition locations were found to oc-
cur at x=c ¼ 0:03 and 0:975. The solar irradiationwas assumed to be
q 00

w;sol D 676:5 W/m2. Only the upper surface is irradiated, the lower
surface remains adiabatic. The variation of the surface orientation
was acccounted for by a cosine relationship. The resulting reduc-
tion of the drag coef� cient cd is 0.28%, which may be expected to
vary with Reynolds number Rec according to Fig. 7. The numerical
relative uncertainty is 0.02%. The negative spike in Fig. 9 occurs
at the location of the transition to turbulence, slightly downstream
from the location where the pressure gradient becomes adverse.

Actually integrating over the solar spectrum does not lead to a
black surface for optimum heat absorption but rather to a greenish
colour. To achieve a maximum heat transfer rate, blackbody be-
havior is necessary, and so the actual optimum color needs to be
computed for a given con� guration, which is beyond the scope of
this contribution.

XI. Conclusions
It was shown by numerical calculations how heat transfer vari-

ations can be used to reduce the skin-friction drag, occurring at
airfoil-likegeometries.An empirical dependancyof the drag reduc-
tion and the thermal ef� ciency on the squared Reynolds number
could be established.The drag reduction is proportional to the heat
� ux, whereas the thermal ef� ciency only depends on the Reynolds
number. The thermal ef� ciency is generally low. The drag reduction
can reach interesting values by increasing the heat � ux. Two illus-
trative examples with varying heat � ux distribution and geometry
were presented and considered in detail.

Several different methods for obtaining reductions of the drag
coef� cient have been reported on in the past. The method reported
on here does not stand in direct competition with these methods. It
can make use of exhaust gases, turbine bleed air, heat exchangers
or merely solar irradiation, which are available cheaply and are
otherwise lost, to help increasing the overall ef� ciency of many
different technicaldevices.The design of aerothermalsystems such
as turbinebladesgains additionalinformationon avoidingexcessive
losseswhen followingtheguidelinesestablishedin thecourseof this
contribution.
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